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Abstract: In this paper, we introduce a simpleway toparametrize simulationmodels by using regularized linear
regression. Regressions bypass the three major challenges of calibrating by minimization: selecting the sum-
mary statistics, defining the distance function and minimizing it numerically. By substituting regression with
classification, we can extend this approach to model selection. We present five example estimations: a statis-
tical fit, a biological individual-based model, a simple real business cycle model, a non-linear biological sim-
ulation and heuristics selection in a fishery agent-based model. The outcome is a method that automatically
chooses summary statistics, weighs them and uses them to parametrize models without running any direct
minimization.

Keywords: Agent-BasedModels, Indirect Inference, Estimation, Calibration, Simulated MinimumDistance, Ap-
proximate Bayesian Computation

Introduction

1.1 Wewant to tune theparameters of a simulationmodel tomatchdata. When the likelihood is intractable and the
data high-dimensional, the common approach is the simulated minimum distance (Grazzini & Richiardi 2015).
This involves summarising real and simulated data into a set of summary statistics and then tuning the model
parameters to minimize their distance. We show here the advantages of replacing this minimization with a
regression.

1.2 Minimization involves three tasks. First, choose the summary statistics. Second, weight their distance. Third,
perform the numerical minimization keeping in mind that simulation may be computationally expensive. Re-
gressions bypass all three and estimate parameters directly (Sheehan & Song 2016; Creel 2017; Raynal et al.
2018; Radev et al. 2019). The current literature focuses on complex non-parametric regressions. Here we show
that a simpler linear regularized regression will do.

1.3 First, run themodel “many” times and observewhichmodel parameters generatewhat kind of summary statis-
tics. Then, regress the parameters as the dependent variable against all the simulated summary statistics. Fi-
nally, input the real summary statistics in the regression to obtain the tuned parameters. Model selection can
be similarly achieved by training a classifier instead.

1.4 We summarize the agent-based estimation in general and regressionmethods in particular in Section 2. We de-
scribe how to parametrize models in Section 3. We then provide four examples: a statistical line fit in Sections
4.1-4.14, an individual based biological model in Sections 4.20-4.29, a non-linear di�erential equation in Sec-
tions4.36-4.55anda fishery agent-basedmodel inSections4.46-4.54. Weconcludebypointingoutweaknesses
in Section 5.

Literature Review

2.1 The approach of condensing data and simulations into a set of summary statistics in order to match them is
covered indetail in two reviewpapers: Hartig et al. (2011) inecologyandGrazzini&Richiardi (2015) ineconomics.
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They di�er only in their definition of summary statistics: Hartig et al. (2011) defines it as any kind of observation
available in both model and reality while Grazzini & Richiardi (2015), with its focus on consistency, allows only
for statistical moments or auxiliary parameters from ergodic simulations.

2.2 Grazzini & Richiardi (2015) also introduces the catch-all term “simulatedminimumdistance” for a set of related
estimation techniques, including indirect inference (Gourieroux et al. 1993) and the simulated method of mo-
ments (McFadden 1989). Smith (1993) first introduced indirect inference to fit a 6-parameter real business cycle
macroeconomicmodel. In agent-basedmodels, indirect inferencewas first advocated in Richiardi et al. (2006),
see also Shalizi (2017), and first implemented in Zhao (2010) (who also provedmild conditions for consistency).

2.3 Common to all is the need to accomplish three tasks: selecting the summary statistics, defining the distance
function and choosing how tominimize it.

2.4 Defining the distance functionmay at first appear the simplest of these tasks. It is standard to use the Euclidean
distance between summary statistics weighed by the inverse of their variance or covariance matrix. However,
while asymptotically e�icient, this was shown to underperform in Smith (1993) and Altonji & Segal (1996). The
distance function itself is a compromise, since in all but trivial problems we face amulti-objective optimization
(see review by Marler & Arora 2004) where we should minimize the distance to each summary statistic inde-
pendently. In theory, we could solve this by searching for an optimal Pareto front (see Badham et al. 2017, for
an example of dominance analysis applied to agent-basedmodels). In practice, however, even a small number
of summary statistics make this approach unintelligible. Better then to focus on a single imperfect distance
function (a weighted global criterion, in multi-objective optimization terms) where there is at least the hope of
e�ectiveminimization. A practical solution thatmay nonetheless obscure tradeo�s between summary statistic
distances.

2.5 We can minimize distance function with o�-the-shelf methods such as genetic algorithms (Calver & Hutzler
2006; Heppenstall et al. 2007; Lee et al. 2015a) or simulated annealing (Le et al. 2016; Zhao 2010). More recently
twoBayesian frameworks have beenprominent: BACCO (Bayesian Analysis of Computer CodeOutput) andABC
(Approximate Bayesian Computation).

2.6 BACCO involves running the model multiple times for random parameter inputs, building a statistical meta-
model (sometimes called emulator or surrogate) predicting distance as a function of parameters and thenmin-
imizing the meta-model as a short-cut to minimizing the real distance. Kennedy & O’Hagan (2001) introduced
the method (see O’Hagan 2006, for a review). Ciampaglia (2013), Parry et al. (2013) and Salle & YÄśldÄśzoÄ§lu
(2014) are recent agent-basedmodel examples.

2.7 Avariant of this approach interleaves running simulations and training themeta-model to samplemorepromis-
ing areas and achieve betterminima. The general framework is the “optimization bymodel fitting” (see chapter
9 of Luke 2013, for a review, see Michalski 2000 for an early example). Lamperti et al. (2018) provided an agent-
based model application (using gradient trees as a meta-model). Bayesian optimization (see Shahriari et al.
2016, for a review) is the equivalent approach using Gaussian processes and Bailey et al. (2018) first applied it
to agent-basedmodels.

2.8 As in BACCO, ABC methods also start by sampling the parameter space at random but retain only simulations
whosedistance is belowapre-specified threshold in order tobuild aposterior distributionof acceptable param-
eters (see Beaumont 2010, for a review). Drovandi et al. (2011), Lagarrigues et al. (2015), Grazzini et al. (2017)
and Zhang et al. (2017) applied themethod to agent-basedmodels. Zhang et al. (2017) noted that ABCmatches
the “pattern oriented modelling” framework of Grimm et al. (2005).

2.9 All these algorithms however require the user to select the summary statistics first. This is always an ad-hoc
procedure. Beaumont (2010) described it as “rather arbitrary” and noted that its e�ects “[have] not been sys-
tematically studied” and Kukacka & Barunik (2017) considered this the hardest part of simulatedminimumdis-
tance. The more summary statistics we use, the more informative the simulated distance is (see Bruins et al.
2018, which compared four auxiliary models of increasing complexity). However, the more summary statistics
we use the harder the minimization (and the more important the weighting of individual distances) becomes.

2.10 Because of its rejection approach, ABC methods are particularly vulnerable to the “curse of dimensionality”
with respect to the number of summary statistics. As a consequence the ABC literature has developed many
“dimension reduction” techniques (see Blum et al. 2013, for a review). Of particular interest here is the use of
regressions. Regressions in the ABC literature take two forms: first as semi-automatic ABC (Prangle et al. 2014),
where linear regressions (or neural networks as in Jiang et al. 2017) are used on part of the data to project the
rest in a space where rejection ABCmay bemore e�ective (e�ectively reweighting summary statistics); second
as “regression-adjustments” (Beaumont et al. 2002; Blum& Francois 2010; Nott et al. 2011) which substitute the
pre-specified rejection threshold with a localized regression.
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2.11 The natural evolution of this approach is to abandon ABC altogether and simply regress themodel parameters
(dependent variables) on the summary statistics (independent variables). Raynal et al. (2018) does this with
quantile random forest regressions. A more complicated alternative is deep neural networks: Sheehan & Song
(2016) andRadevet al. (2019) applied themto rawdata itself (bypassing summary statistics altogether) butCreel
(2017) showed that deep neural networks estimate parameters better when using manually selected summary
statistics.

2.12 Missing is a justification forusing suchcomplicated regressions. Because themappingbetweensummary statis-
tics and parameters is valuable on its own, we think there is an advantage in using regressions which are infor-
mative and easy to diagnose. We settled on elastic nets in this paper as they provide a good balance: their
parameters can be interpreted as those of an ordinary least square but, through regularization, the method is
more robust tomisspecification, collinearity and automatically selects away uninformative summary statistics.

2.13 Model selection in agent-basedmodels has received less attention but the estimation literature has followed a
similar trajectory. One can use a regression adjustment ABCmethod (as in Lee et al. 2015b) or more directly by
training a random forest classifier over the whole dataset (Pudlo et al. 2015). Again, however, we can show that
directly running a simple regression is just as e�ective.

Method

Estimation

3.1 Take a simulation model depending onK parameters θ = [θ1, θ2, . . . , θK ] to outputM simulated summary
statistics S(θ) = [S1(θ), S2(θ), . . . , SM (θ)]. That is, S(θ) is a vector of summary statistics produced by the
model when using θ as its parameters. Given real-world observed summary statistics S∗ we want to find the
parameter vector θ∗ that generated them. Our method proceeds as follows:

1. Repeatedly run the model each time supplying it a random vector of parameters θ̂

2. Collect for each simulation its output as summary statistics S(θ̂); S(θ̂) being summary statistics gener-
ated by feeding the model the parameter vector θ̂.

3. Run K separate regularized regressions, ri, one for each parameter. The parameter is the dependent
variable and all the candidate summary statistics are independent variables:

θ1 = r1(S1, S2, . . . , SM )
θ2 = r2(S1, S2, . . . , SM )

...
θn = rn(S1, S2, . . . , SM )

4. Input the “real” summary statistics S∗ in each regression to predict the “real” parameters θ∗

3.2 In step 1 and 2, we use the model to generate a data-set: we repeatedly input random parameters θ̂ and we
collect the output Ŝ1, . . . , ŜM (see Table 1 for an example). In step 3, we take the data we generated and use
it to train regressions (one for each model input) where we want to predict each model input θ looking only at
themodel output S1, . . . , SM . The regressions map observed outputs back to the inputs that generated them.
Only in step 4 we use the real summary statistics (which we have ignored so far) to input into the regressions
we built in step 3. The prediction the regressions make when we feed in the real summary statistics S∗ are the
estimated parameters θ∗.
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θ̂1 Ŝ1 Ŝ2 . . . ŜM

...
...

...
...

...
...

...
...

...
...

Table 1: A sample table generated a�er step 1 and 2 of the estimation procedure (assuming the simulation
model depends on a single parameter θ1 ). Each row is a separate simulation run where θ̂1 was the input of the
model and Ŝ1, . . . , ŜM was its output. In step 3 we use this table to train a regression that uses as explanatory
variables the output of the model S1, . . . , SM and try to predict from them the model input that generated
them θ1

3.3 The key implementation detail is to use regularized regressions and in particular elastic nets (Friedman et al.
2010). Elastic nets are regression whose functional form is the familiar linear regression:

Y = Xβ + ε

3.4 But where we estimate β by minimizing the sum of square residuals (as with ordinary least squares) plus two
additional penalties: the LASSO penalty ||β|| and the ridge penalty ||β||2:

β̂ = arg min ||Y −Xβ||2 + λ1||β||+ λ2||β||2

3.5 Where λ1, λ2 are hyper-parameters selected by cross-validation.
3.6 The penalties that elastic nets add to the sumof square residuals formula help to select and reweighweak sum-

mary statistics. LASSOpenalties automatically drop summary statistics that are uninformative. Ridge penalties
lower theweight of summary statistics that are strongly correlated to each other. We can then start with a large
number of summary statistics (anything we think may matter and that the model can reproduce) and let the
regression select only the useful ones.

3.7 Compare this to simulated minimum distance. There, the mapping between model outputs S(·) and inputs θ
is defined by the minimization of the distance function:

θ∗ = argθ min(S(θ)− S∗)W (S(θ)− S∗)

3.8 When using a simulated minimum distance approach, both the summary statistics S(·) and their weightsW
need to be chosen before one can estimates θ∗ by explicitly minimizing the distance. In e�ect the arg min op-
erator maps model output S(·) to model input θ. Instead, in our approach, the regularized regression not only
selects and weights summary statistics but, more importantly, also maps them back to model input. Hence,
the regression bypasses (takes the place of) the usual minimization.

Model selection

3.9 We observe summary statistics S∗ from the real world and we would like to know which candidate model
{m1, . . . ,mn} generated them. We can solve this problem by training a classifier against simulated data.

1. Repeatedly run eachmodel

2. Collect for each simulation its generated summary statistics S(mi)

3. Build a classifier predicting the model by looking at summary statistics and train it on the data-set just
produced:

i ∼ g(S1, S2, . . . , SM )

4. Insert “real” summary statistics S∗ in the classifier to predict which model generated it

3.10 The classifier family g(·) can also be non-linear and non-parametric. We used a multinomial regression with
elastic net regularization (Friedman et al. 2010); its advantages is that the regularization selects summary statis-
tics and the output is a classic logit formula that is easily interpretable.

3.11 Model selection cannot be done on the same data-set used for estimation. If the parameters of a model need
to be estimated, the estimationmust be performed on either a separate training data-set or the inner loop of a
nested cross-validation (Hastie et al. 2009).
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Term Estimate

(Intercept) 0.026
b1 0.002
b2 0.007
b3 0.006
b4 0.011
b5 0.014
b6 0.019
b7 0.020
b8 0.024
b9 0.028

Table 2: Coe�icients generated by fitting an elastic net against a training sample of size 1000. Notice that b0 has
been automatically dropped since in this case S0 contains no information about θ

Examples

Fit lines

Regression-basedmethods fit straight lines as well as ABC or simulatedminimum distance

4.1 In this section we present a simplified one-dimensional parameterization problem and show that regression
methods perform as well as ABC and simulated minimum distance.

4.2 We observe 10 summary statistics S∗ = (S∗
0 , . . . , S

∗
9 ) generated by Si = θi+ εwhere ε ∼ N (0, 1) and θ is the

only model parameter.. Assuming the model is correct, we want to estimate the θ∗ parameter that generated
the observed S∗. Because the model is a straight line, we could solve the estimation by least squares. Pretend
however this model to be a computational black box where the connection between it and drawing straight
lines is not apparent.

4.3 We run 1,000 simulations with θ ∼ U [0, 2] (the range is arbitrary and could represent either a prior or the
feasible interval), collecting each time the 10 simulated summary statistics Ŝ(θi). We then train a linear elastic
net regression of the form:

θ = a+

9∑
i=0

biŜi

4.4 Table 2 shows the b coe�icients of the regression. S0 contains no information about θ (since it is generated
as S0 = ε) and the regression correctly ignores it by dropping b0 (setting the coe�icient to 0). The elastic net
weights larger summary statistics more because the e�ect of θ is larger there compared to the ε noise.

4.5 We test this regression bymaking it predict, out-of-sample, the θ of 1000more simulations looking only at their
summary statistics. Figure 1 and Table 3 compare the estimation quality with those achieved by the standard
rejection ABC and MCMC ABC (following Marjoram et al. 2003 and Wegmann et al. 2009, both methods imple-
mented in Jabot et al. 2015). All achieve similar error rates.
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Estimation Average RMSE Runtime Runtime (scaled)

Regression Method 0.053 0.000947mins 1.000
Rejection ABC 0.083 0.766 mins 809.388
MCMC ABC 0.082 5.77 mins 6090.665

Table 3: All threemethods achieve on average similar estimation errors, although the regression-basedmethod
is much quicker

Figure 1: A side by side comparison between the ‘real’ and discovered θ as generated by either the regression
method or two standard ABC algorithms: rejection sampling or MCMC. The x-axis represents the real θ, the y-
axis its estimate. Each point represents the estimation against a di�erent set of summary statistics. The red line
is the 45-degree line: the closer the points are to it the better the estimation. All methods perform equally well.

4.6 We can also compare the regression against the standard simulated minimum distance approach. Simulated
minimum distance searches for the parameters that minimize:

θ∗ = argθ min(S(θ)− S∗)W (S(θ)− S∗)

4.7 The steeper its curvature, the easier it is tominimize numerically. In Figure 2we compare the curvature defined
byW = I andW = (diag(Σ))

−1 (where I is the identity matrix and Σ is the covariance matrix of summary
statistics) against the curvature implied by our regression r: |r(S∗)−r(S)| (that is, the distance between the es-
timationmade given the real summary statistics, r(S∗), and the estimationmade at other simulated summary
statistics r(S)). This problem is simple enough that the all weightmatrices produce smooth distance functions
that are easy to numerically minimize.
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Figure 2: Curvature of the fitness function as implied by the regression versus weighted Euclidean distance
between summary statistics. We take the 1000 testing simulation runs, we pick one in themiddle (θ ≈ 1) as the
‘real’ one andwe compute the summary statistics distances between all the other simulations to it. The red line
represents the real θ, each dot is the distance to the real θ for that simulation run and its associated θ.

4.8 We showed here that regression-basedmethods perform as well as ABC and simulated minimum distance in a
simple one-dimensional problem.

Regression-basedmethods fit broken lines better than ABC or simulatedminimum distance

4.9 In this sectionwe present another simplified one-dimensional parametrization but show that regressionmeth-
ods outperform both ABC and simulated minimum distance because of better selection of summary statistics.

4.10 We observe 10 summary statistics S = (S0, . . . , S9) but we assume they were generated by the “broken line”
model:

Si =

{
ε i < 5

θi+ ε i ≥ 5

where ε ∼ N (0, 1). Wewant to find theθ thatgenerated theobservedsummarystatistics. Notice thatS0, . . . , S4

provide no information on θ.

4.11 As before we run the model 1000 times to train an elastic net of the form:

θ = a+

9∑
i=0

biSi

Table 4 shows the coe�icients found. The regression correctly drops b0, . . . , b4 and weighs the remaining sum-
mary statistics more the higher they are.

4.12 We run the model another 1000 times to test the regression ability to estimate their θ. As shown in Figure 3
and Table 5 the regression outperforms both ABC alternatives. This is due to the elastic net ability to prune
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Term Estimate

(Intercept) 0.037
b5 0.018
b6 0.021
b7 0.023
b8 0.029
b9 0.027

Table 4: Coe�icient estimates a�er 1000 training observations; note that all the uninformative summary statis-
tics have been automatically dropped.

Estimation Average RMSE Runtime Runtime (scaled)

Regression Method 0.058 0.0008255164 mins 1.000
Rejection ABC 0.129 0.92158 mins 1116.368
MCMC ABC 0.133 7.403095mins 8967.835

Table 5: Regression errors achieve lower estimation errors in a fraction of the time. This is because they auto-
matically ignore all summary statistics that do not inform θ

unimportant summary statistics.

Figure 3: A side by side comparison between the ‘real’ and discovered θ as generated by either the regression
method or two standard ABC algorithms: rejection sampling or MCMC. The x-axis represents the real θ, the y-
axis its estimate. Each point represents the estimation against a di�erent set of summary statistics. The red line
is the 45-degree line: the closer the points are to it the better the estimation. Notice that rejection sampling
(ABC) is inaccurate when θ is very small (near 0) or very large (near 2) while MCMC has a larger average error
than regression-basedmethods.

4.13 In simulatedminimumdistancemethods, choosing thewrongW can compound theproblemof poor summary
statistics selection. As shown in Figure 4 the default choiceW = (diag(Σ))

−1 spoils the curvature of the dis-
tance function by adding noise. This is because summary statistics S0, . . . , S4, in spite of containing no useful
information, are the values with the lowest variance and are therefore given larger weights in the simulated
minimum distance framework.
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Figure 4: Curvature of the fitness function as implied by the regression versus weighted Euclidean distance
between summary statistics. We take the 1000 training simulation runs, we pick one in the middle (θ ≈ 1) as
the ‘real’ one and we compute the summary statistics distances between all the other simulations to it. The
red line represents the real θ, each dot is the distance to the real θ for that simulation run and its associated θ.
For this model the default choice of weighting matrix (the inverse of the variance diagonal) makes numerical
minimization harder.

4.14 We showed here how, even in a simple one dimensional problem, the ability to prune uninformative summary
statistics will result in better estimation (as shown by RMSE in Table 5) .

Model selection through regression-basedmethods is informative and accurate

4.15 In this section, we train a classifier to choose which of the two models we described above (‘straight-’ and
‘broken-line’) generated the observed data. We show that the classifier makes fewer mistakes in identifying
which model generated which data-set compared to always picking the model that minimizes prediction er-
rors.

4.16 We observe 10 summary statistics S∗ = (S∗
0 , . . . , S

∗
9 ) and we would like to know if they were generated by the

“straight-line” model:
Si = θi+ ε

or the “broken-line” model:
Si =

{
ε i < 5

θi+ ε i ≥ 5

where ε ∼ N(0, 1) and i ∈ [0, 9]. Assume we have already estimated both models and θ = 1.

4.17 We run eachmodel 1000 times and then train a logit classifier:

Pr(broken line model) =
1

1 + exp(−[a+
∑
biSi])

4.18 Note that S0 and S5, . . . , S9 are generated by the same rule in both models: both draw a straight line through
those points. Their values will then not be useful for model selection. We should focus instead exclusively
on S1, . . . , S4 since that is the only area where one model draws a straight line and the other does not. The
regularized regression discovers this, by dropping b0 and b5, . . . , b9 as Table 6 shows.

4.19 Figure 5 tabulates the success rate from 2000 out-of-sample simulations by the classifier and compares it with
picking models by choosing the one that minimizes the distance between summary statistics. The problem is
simple enough that choosingW = I achieves almost perfect success rate; using the more common variance-
based weights does not.
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Term Estimate

(Intercept) -9.705
b0 0.043
b1 0.630
b2 1.131
b3 1.407
b4 1.952

Table 6: Coe�icient estimates a�er 2000 training observations; note how only the low summary statistics have
a coe�icient associated to them. This is because they are the only part of the line that is ‘broken’: S5, . . . , S9

are generated the same way for both models and are therefore of no use for di�erentiating the twomodels.

Figure 5: A comparison between training a classifier to do model selection versus choosing the model whose
distance to summary statistics is smallest. All weighting schemes exceptW = I underperform compared to
the classifier. Model selection performed on 2000 testing runs (not used for training the classifier).

Fit ecological individual basedmodel

4.20 In this section, we parametrize a simple agent-based model and prove two points. First, regularization is nec-
essary because of the large number of summary statistics that agent based models generate. Second, directly
regressing is more e�icient than using regression-adjusted ABC, especially when the number of runs available
is limited (a common problem for many agent-basedmodels that are big and slow). To prove the second point
we compare our results to those obtained by using the “semi-automatic” ABC method (Fearnhead & Prangle
2012, Prangle et al. 2014; implemented in Nunes & Prangle 2015) and neural network adjusted ABC (Blum 2010;
implemented in CsillÃľry et al. 2012).

4.21 We parametrize the bird population model from (Thiele et al. 2014, originally in Railsback & Grimm 2012). This
model is open source andThiele et al. (2014) already estimated it using simulated annealing, genetic algorithms
and ABC. All these approaches however failed to deal with the model under-identification since one of its two
parameters could not be recovered. In this section we overcome this by using more summary statistics and
weighting them correctly.

4.22 The bird population model depends on two parameters: scout.prob∈ [0, .05], the probability of a non-alpha
bird to explore a new territory, and survival.prob ∈ [.95, 1], the monthly survival rate of each bird (Thiele
et al. 2014 provides the ODD description andwe attach a copy of the code in the supplementarymaterials). The
original authors focused on 3 summary statistics: abundance (number of birds present at the end of each year),
its standard deviation and vacancy (number of areas with no birds present). The model runs for 20 years and
its summary statistics are the 20 years averages.

4.23 So structured, the calibration fails to identify the parameter scout.prob. We can show this by estimating the
model (using RNetLogo Thiele et al. 2012; Thiele 2014) by rejection ABC (Beaumont et al. 2002; implemented
in Jabot et al. 2015), semi-automatic ABC (Fearnhead & Prangle 2012; Nunes & Prangle 2015) and regularized
regressions.

4.24 Figure 6 compares real parameters and their out of sample estimates using a training set of 125 simulations.
Table 7 judges the quality of the estimation through the predictivity coe�icient (see Salle & YÄśldÄśzoÄ§lu 2014,
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Algorithm scout.prob survival.prob

Regularized Regression 0.046 0.979
Rejection ABC -0.065 0.974
Semi-Automatic ABC -0.100 0.886

Table 7: Out of sample predictivity achieved for each algorithmandeachparameter, given 125 training and 1000
testing simulations when observing only 3 summary statistics. The parameter scout.prob is not identified by
any algorithm.

alsoknownasmodellinge�iciencyas inStowet al. 2009)whichmeasures the improvementof usinganestimate
θ̂ to discover the real θ∗ as opposed to just using its average θ̄:

Predictivity =

∑(
θ∗i − θ̄

)2 −∑(
θ∗i − θ̂i

)2

∑(
θ∗i − θ̄

)2
4.25 A predictivity of 1 implies perfect estimation, 0 implies that averaging would have performed as well as the

estimate. A predictivity below 0 that the parameter is misidentified.

Figure 6: Predicted vs real values for the twoparameters of the agent-basedmodel are estimatedusing the orig-
inal 3 summary statistics. Each dot represents a separate parameter estimation out of sample on a testing data
set of size 1000. Black dashed line is the 45-degree line. While survival.prob is estimated easily the scout.prob
parameter is not.

4.26 Under-identification is o�en an intrinsic part of the model. In this case, low scout.prob leads to population
collapseandsinceall collapses look the same it is hard to findpreciselywhichparameter value caused it. Under-
identificationmay howevermatter if policy-making or predictions hinge on precise estimates of all parameters.
Oneway to solve this problem is to use a larger set of summary statistics in thehope that theymay containmore
information.

4.27 As before, we collect the yearly time series of abundance and vacancy to which we add two yearly histograms:
the distribution of average age in each group and the month in which groups explored. For each time series,
we extract its trend, its average, its last value, its standard deviation, its range and the coe�icients of fitting an
AR(5) regression to it (for a total of 11 summary statistics). For each histogram, we extract four time series: its
mean, its variance, its skewness and the total number of observations. Each of these time series is then split
into summary statistics as above.

4.28 Using a regularized regression, we can use all these summary statistics (as well as their squares and their cross
products) to recover the twooriginal parameters. A similar attempt using semi-automatic ABC techniques (with
default threshold rate of 10%) will not perform as well. This is due to two factors. First, by not using regular-
ization semi-automatic ABC requires more simulations than summary statistics; for small training set then the
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Training Observations Regularized Regression Linear Regression saABC NN ABC

125 0.467 -0.488 NA -0.198
150 0.539 -0.004 NA 0.076
250 0.610 0.408 0.169 0.275
500 0.676 0.542 0.447 0.222
1000 0.701 0.579 0.578 0.584
5000 0.765 0.607 0.645 0.820

Table 8: Predictivitywith 1000 out of sample scout.prob observations varying the calibration technique and the
training sample size. NN stands for neural-network, saABC stands for semi-automatic neural network

semi-automatic ABC approach cannot even be applied while regularized regressions already provide good pa-
rameter estimates. Second, semi-automatic ABC splits the training data in two, feeding half of it to a linear
regression and uses its weights to perform ABC on the other half. This exacerbates linear regression tendency
to overfit by feeding it too little data. An alternative is to use a non-parametric technique with ABC such as the
neural-network approach suggested in Blum (2010). However the same problems of overfitting (too many ex-
planatory variables fitting over too few simulation runs) mar this approach unless the size of the training set is
large.

4.29 Table 8andFigure 7 showhow thescout.probparameter is now identified and regularized regressionsoutper-
forms the alternatives. The table also shows that for small andmediumsized training tests semi-automatic ABC
performsnot onlyworse than running a regularized regression, butworse than running aplain linear regression
as well. Neural network ABC struggles by making rare but large prediction errors.

Figure 7: Predicted vs real values for the twoparameters of the agent-basedmodel are estimatedusing 127basic
summary statistics and training set of size 1,000. Each dot represents a separate parameter estimation “out of
sample” on a testing data set of size 1,000. Black dashed line is the 45-degree line. The scout.prob parameter is
estimated correctly by all threemethods, butmoreprecisely by the regularized regression (withneural-network
making rare but large mistakes).

Estimating a non-linear populationmodel

4.30 When we can generate many training simulations to parametrize the model, the advantages of regularization
are reduced and one may be better o� using more complex non-parametric regressions. Even under these cir-
cumstances however, estimating parameters through regularized linear regressions is still viable as it achieves
predictivity only slightly below neural network ABC (and still superior to semi-automatic ABC).

4.31 Gurney et al. (1980) introduced the following mathematical model to simulate blowfly population dynamic:

dN

dt
= PN(t− τ)−

N(t−τ)
N0 − δN(t)
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4.32 Wood (2010) produced a stochastic and discretized version of this model which he then parametrized through
synthetic likelihood. A C version of the model is implemented in the synlik R package (Fasiolo & Wood 2014).

4.33 The model depends on 6 parameters: δ ∼ U [e−3, e−1], P ∼ U [e1, e3], N0 ∼ U [e5, e7], σp ∼ U [e−2, e0],
τ ∼ U [e2.5, e2.9] and σd ∼ U [e−1.5, e0]. It generates 20 summary statistics: the meanN , mean minus median,
number of turning points observed, autocorrelation of N up until lag 11, and the polynomial autoregression
of N on its lags as described in the methods summary of Wood (2010). Because the model is fast to run we
generate 100,000 training and 1,000 testing simulations.

4.34 We estimate the parameters of the testing simulations by neural network ABC, semi-automatic ABC (degree 2,
threshold of .1) aswell aswell as regularized linear regressions of bothdegree two (‘2D’, as usual) and three (‘3D’,
which we can a�ord given the many observations).

4.35 Table 9 shows the predictivity associated with each method. Neural network ABC achieves the highest predic-
tivity for 5 out of 6 parameters, even though the gains compared to a linearized regression are small. Only for
σd (the hardest parameter to estimate) regularized linear regressions do better.

Variable Semi-Automatic ABC Regularized Regression (2D) Regularized Regression (3D) Neural Network ABC

δ 0.745 0.913 0.935 0.944
N0 0.741 0.910 0.927 0.934
P 0.566 0.717 0.780 0.807
τ 0.600 0.802 0.843 0.863
σd 0.069 0.119 0.147 0.095
σp 0.270 0.322 0.413 0.473

Table 9: Predictivity with 1000 out of sample for each parameter from the blowfly example, varying the calibra-
tion technique. We use two separate regularized regression, one of degree two (2D) and one of degree three
(3D). Neural Network ABC predictivity is superior to using a linear regularized regression but both are better
than semi-automatic ABC

Fit RBC

Fit against cross-correlationmatrix

4.36 In this section, we parametrize a simple macro-economic model by looking at the time series it simulates. We
show that we can use a large number of summary statistics e�iciently and that we can diagnose estimation
strengths andweaknesses the sameway we diagnose regression outputs. We also show that regularized linear
regressions outperform random forest regressions (a more complicated, non-parametric approach).

4.37 We observe 150 steps1 of 5 quarterly time series: Y, r, I, C, L. Assuming we know they come from a standard
real business cycle (RBC) model (the default RBC implementation of the gEcon package in R, see Klima et al.
2018, see also Appendix A), we estimate the 6 parameters (β, δ, η, µ, φ, σ) that generated them.

4.38 We summarize the time series observed with (a) the t = −5, . . . ,+5 cross-correlation vectors of Y against
r, I, C, L, (b) the lower-triangular covariancematrix of Y, r, I, C, L, (c) the squares of all cross-correlations and
covariances, (d) the pair-wise products between all cross-correlations and covariances. This totals to 2486 sum-
mary statistics: too many for most ABC approaches. This problem is however still solvable by regression. We
train 6 separate regressions, one for each parameter, as follows:

β =
∑
aβ,iSi +

∑
bβ,iS

2
i +

∑
cβ,i,jSiSj

γ =
∑
aγ,iSi +

∑
bγ,iS

2
i +

∑
cγ,i,jSiSj

...
σ =

∑
aσ,iSi +

∑
bσ,iS

2
i +

∑
cσ,i,jSiSj

(1)

Where a, b, c are elastic net coe�icients.

4.39 We train the regressions over 2000 RBC runs then produce 2000more to test its estimation. Figure 8 and Table
10 shows that all the parameters are estimated correctly but η and δ less precisely. Table 11 shows that regu-
larized linear regression estimates all the parameters better than a random forest (Breiman 2001, using the R
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Variable Variable Bounds Average Bias Average RMSE Predictivity

β [0.891,0.999] 0.0003070 0.0000360 0.963
δ [0.225,0.275] -0.0000431 0.0000010 0.494
η [1.8,2.2] -0.0009051 0.0062672 0.517
µ [0.27,0.33] 0.0001420 0.0000761 0.746
σ [0.01,0.03] -0.0000402 0.0000070 0.795
φ [0.855,0.999] -0.0001569 0.0001229 0.925

Table 10: Predictivity for each variable when estimating parameters of the RBC model looking at cross-
correlations and covariance; δ and η are less precisely estimated than theother parameters. All results obtained
on a testing data-set of 2000 RBC runs. Bias is defined as average distance between real and estimated param-
eter, RMSE is the root mean square error. Variable bounds are the interval 20 percent below and above the
default RBC parameters in the original gEcon implementation.

Variable Regularized Regression Random Forest

β 0.963 0.953
δ 0.494 0.072
η 0.517 -0.007
µ 0.746 0.034
σ 0.795 0.730
φ 0.925 0.882

Table 11: Comparisonbetween theoutof samplepredictivityof regularized linear regressionsand randomforest
regression.

implementation fromLiaw &Wiener 2002), suggesting that regularization and linearity have an advantage over
non-parametrics when there are few training observations andmany summary statistics.

Figure 8: Estimated versus real parameters for 2000 RBC runs in the testing data-set (not used for training the
regressions). Eachdot is a pair real-estimate parameter froma single RBC run. Red line is the 45-degree line: the
closer the dots are to it the better estimated that parameter is. The parameters δ and η are not aswell estimated
as the other 4.

4.40 Weshowedhere thatwecanestimate theparametersofa simpleRBCmodelby lookingat their cross-correlations.
However this method is better served by looking at multiple auxiliary models as we show in the next section.

Fit against auxiliary fits

4.41 In this section we parametrize the same simple macro-economic model by looking at the same time series it
simulates but using a more diverse array of summary statistics. We show how that improves the estimation of
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Variable Variable Bounds Average Bias Average RMSE Predictivity

β [0.891,0.999] 0.00002 0.00000 0.997
δ [0.225,0.275] -0.00003 0.00000 0.842
η [1.8,2.2] 0.00040 0.00146 0.888
µ [0.27,0.33] 0.00001 0.00004 0.880
σ [0.01,0.03] -0.00006 0.00001 0.814
φ [0.855,0.999] 0.00029 0.00002 0.988

Table 12: Predictivity for each variable when estimating parameters of the RBC model looking at cross-
correlations and covariance; All parameters are well estimated. All results obtained on a testing data-set of
2000 RBC runs. Bias is defined as average distance between real and estimated parameter, RMSE is the root
mean square error. Variable bounds are the interval 20 percent below and above the default RBC parameters
in the original gEcon implementation.

the model.

4.42 Again, we observe 150 steps of 5 quarterly time series: Y, r, I, C, L. Assuming we know they come from a stan-
dard RBCmodel, we want to estimate the 6 parameters (β, δ, η, µ, φ, σ) that generated them.

4.43 In this section we use a larger variety of summary statistics. We summarize output by (i) coe�icients of regress-
ing Y on Yt−1, It, It−1, (ii) coe�icients of regressing Y on Yt−1, Ct, Ct−1, (iii) coe�icients of regressing Y on
Yt−1, rt, rt−1, (iv) coe�icients of regressing Y on Yt−1, Lt, Lt−1, (v) coe�icients of regressing Y onC, r (vi) co-
e�icients of fitting AR(5) on Y , (vii) the (lower triangular) covariance matrix of Y, I, C, r, L. In total there are 48
summary statistics to which we add all their squares and cross-products.

4.44 Again we train 6 regressions over 2000 RBC observations and test their estimation against 2000 more. Figure
9 and Table 12 shows that all the parameters are estimated correctly and with higher predictivity coe�icient.
In particular δ and η are better predicted than by looking at cross-correlations. Again, as shown in Table 13,
regularized linear regressions outperform random forests.

Figure 9: Estimated versus real parameters for 2000 RBC runs in the testing data-set (not used for training the
regressions). Each dot is a pair of real-estimate parameters from a single RBC run. The red line is the 45-degree
line: the closer the dots are to it the better estimated that parameter is. All parameters are well estimated.

Heuristic selection in the face of input uncertainty

4.45 In this section, we select between 10 variations of an agent-based model where some inputs and parameters
are unknowable. By training a classifier, we are able to discover which summary statistics are robust to the
unknown parameters and leverage this to outperform standard model selection by prediction error.
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Variable Regularized Regression Random Forest

β 0.997 0.986
δ 0.842 0.109
η 0.889 0.230
µ 0.880 0.030
σ 0.814 0.728
φ 0.988 0.920

Table 13: Comparison between the out of sample predictivity of regularized linear regressions and random for-
est regression. Again regularized linear regressions perform better

4.46 Assume all fishermen in the world can be described by one of 10 decision-making algorithms (heuristics). We
observe 100 fishermen for five years andwewant to identify which heuristic they are using. The heuristic selec-
tion is however complicatedbynot knowingbasic biological facts about theenvironment the fishermenexploit.
This is a common scenario in fisheries: we can monitor boats precisely through electronic logbooks and satel-
lites but more than 80% of global catch comes from unmeasured fish stocks (Costello et al. 2012). Because
heuristics are adaptive, the same heuristic will generate di�erent summary statistics when facing di�erent bi-
ological constraints. We show here that we can still identify heuristics even without knowing how many fish
there are in the sea.

4.47 We can treat each heuristic as a separatemodel and train a classifier that looks at summary statistics to predict
which heuristic generated them. The critical step is to train the classifier on example runs where the uncertain
inputs (the unknown biological constraints) are randomized. This way the classifier automatically learns which
summary statistics are robust to biological changes and look only at those when selecting the right heuristic.

4.48 We use POSEIDON (Bailey et al. 2018), a fishery agent-based model to simulate the fishery. We observe the
fishery for five years and we collect 17 summary statistics: (i) aggregate five year averages on landings, e�ort
(hours spent fishing), distance travelled from port, number of trips per year and average hours at sea per trip,
(ii) a discretized(3 by 3 matrix) heatmap of geographical e�ort over the simulated ocean, (iii) the coe�icients
and R2 of a discrete choice model fitting area fished as a function of distance from port and habit (an integer
describing howmany times that particular fisher has visited that area before in the past 365 days ).

4.49 Within each simulation, all fishers use the same heuristic. There are 10 possible candidates,all described more
in depth in a separate paper (Carrella et al. 2019):

• Random: each fisher each trip picks a random cell to trawl

• Gravitational Search: agents copy one another as if planets attracted by gravity where mass is equal to
profits made in the previous trip (see Rashedi et al. 2009)

• ε-greedy bandit: agents have a fixed 20% chance of exploring a new random area otherwise exploit-
ing(fishing) the currently most profitable discovered location. Two parametrizations of this heuristic are
available, depending on whether fishers discretize the map in a 3 by 3 matrix or a 9 by 9 one.

• “Perfect” agent: agents knows perfectly the profitability of each areaΠ(·) and chooses to fish in area i by
SOFTMAX:

Probability(i) =
eΠ(i)∑
j e

Π(j)

• Social Annealing: agents always return to the same location unless they are making less than fishery’s
average profits(across the whole fishery), in which case they try a new area at random

• Explore-Exploit-Imitate: like ε-greedy agents, they have a fixed probability of exploring. When not explor-
ing each fisher checks the profits of two random “friends” and copies their location if either are doing
better. Three parametrizations of this heuristics are possible: exploration rate at 80% or 20%with explo-
ration range of 5 cells, or 20% exploration rate with exploration range of 20 cells.

• Nearest Neighbour: agents keep track of the profitability of all the areas they have visited through a near-
est neighbour regression and always fish the peak area predicted by the regression.

4.50 All runs are simulations of the single-species “baseline” fishery described in the ESM of Bailey et al. (2018) (see
also Appendix B). We run the model 10,000 times in total, 1000 times for each heuristic. We also randomize in
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each simulation three biological parameters: (i) carrying capacity of the each cell map, (ii) di�usion speed of
fish, (iii) the Malthusian growth parameter of the stock.

4.51 We train a multi-logit classifier on the simulation outputs as shown in Sections 4.41-4.49:

Pr(Heuristic i) =
eb
′
iS

1 +
∑
j e
b′jS

where b1, . . . , b10 are vectors of elastic net coe�icients.
4.52 We build the testing data-set by running the model 10,000 more times. We compare the quality of model se-

lection against selection by weighted prediction error. First, in Figure 10 the prediction error is computed by
re-running simulations with the correct random biological parameters. In spite of having a knowledge advan-
tage over the classifier, selection by prediction error performsworse. In Figure 11 we do not assume to know the
randombiological parameters. Prediction error (which now tries tominimize the distance between simulations
which di�er in both heuristics and biological parameters) performsmuch worse.

Figure 10: Comparisonof success rate in correctly estimatingwhichheuristics generatedagivensummary statis-
tics S. The classifier success rate has solid borders. In this set of simulations model selection byminimum pre-
diction error is advantaged by knowing the correct biological parameters while the classifier is a single global
model trained over all combinations of biological parameters.

Figure 11: Comparisonof success rate in correctly estimatingwhichheuristics generatedagiven summary statis-
tics S. The classifier success rate has solid borders. In this set of simulations model selection by minimum
prediction error has no additional knowledge about the biological parameters.

4.53 Model selection by prediction error is hard if we are not certain about all model inputs. However it is trivial to
train a classifier by feeding it observations fromdi�erent parameter configurations such that only the summary
statistics “robust” to such parameter noise are used for model selection.

Discussion
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Advantages of a regression-based approach

5.1 Regressions are commonly-used and well-understood. We leverage that knowledge for parameter estimation.
By looking at out-of-sample prediction we can immediately diagnose parameter identification problems: the
lower the accuracy, theweaker the identification (compare this to diagnosis of numericalminimization outputs
as in Canova & Sala 2009) . Moreover, if the regression is linear, its coe�icients show which summary statistic
Si inform which model parameter θi.

5.2 A secondary advantage of building a statistical model is the ease with which additional input uncertainty can
be incorporated as shown in section 4.44. If we are uncertain about an input and cannot estimate it directly
(becauseof lackof dataorunder-identification), it is straightforward to simulate formultiple valuesof the input,
train a statistical model and then check whether it is possible to estimate reliably the other parameters. In a
simulatedminimumdistance setting, wewould have to commit to a specific guess of the uncertain input before
running a minimization or minimize multiple times for each guess (without any assurance that the weighting
matrix ought to be kept constant between guesses).

5.3 All the examples in this paper contained many more summary statistics than parameters. This seems to us as
themost commonparametrizationproblem facing anagent-basedmodel. We showed that under these circum-
stances elastic net calibration correctly identifies informative summary statistics and avoid the overfitting that
sometimes derails other algorithms. We also showed that thismethod degradesmore gracefully than the alter-
nativeswhen there are few training simulations, a problem thatmay emergewhenparametrizing a slowmodel.
However, if the number of summary statistics available is small or themodel mispecified, there is probably not
much that can be gained by regularization.

Weaknesses

5.4 This method has three limitations. First, users cannot weight summary statistics by importance. As a conse-
quence, the method cannot be directed to replicate a specific summary statistic. Imagine a financial model of
the housing market which we may judge primarily by its ability of matching real house prices. When estimat-
ing its parameters the regression may however ignore house prices entirely and focus on another seemingly
minor summary statistic (say, total number of bathrooms). While that may be an interesting and useful way of
parametrizing the model, it does not guarantee a good match with observed house prices. On the other hand,
the emergence of seemingly minor summary statistics (bathrooms per house) as key variables to identify pa-
rameters of amodel can be used as a signal that themodel ismispecified. Nevertheless, in this case one option
would be to transition to a weighted regression and weigh more the observations whose generated summary
statisticSi were close to the value ofS∗

i we are primarily interested in replicating. As such, themodel would be
forced to include component deemed important, even if not the most e�icient in terms of explanatory power.
Comparing this fit with the unweighted onemay also be instructive.

5.5 The second limitation is that each parameter is estimated separately. Because each parameter is given a sepa-
rate regression, thismethodmay underestimate underlying connections (dependencies) between two ormore
parameters when such connections are not reflected in changes to summary statistics. This issue is mentioned
in the ABC literature by Beaumont (2010) although it is also claimed that in practice it does not seem to be an
issue. It may however be more appropriate to use a simultaneous system estimation routine (Henningsen &
Hamann 2007) or a multi-task learning algorithm (Evgeniou & Pontil 2004).

5.6 The third limitation is that this method produces point estimates of parameters and not full confidence inter-
vals. While prediction intervals could be used to estimate the range of valid parameters there is no frequentist
analysis yet to produce valid confidence intervals (Kyung et al. 2010). One needs to use either a more compli-
cated regression, such as the quantile random forests suggested by Raynal et al. (2018), or a simpler one where
bootstrap prediction intervals are well defined (see Davison & Hinkley 1997).

5.7 Our method contains a fundamental ine�iciency: we build a global statistical model to use only once when
predicting for the real summary statistics S∗. Given that the real summary statistics S∗ are known in advance,
a direct search ought to be more e�icient. Our methodmakes up for this by solving multiple problems at once
as it implicitly selects summary statistics and weights themwhile estimating the model parameters.

5.8 Inmachine learning, transduction substitutes regressionwhenwe are interested in a prediction for a knownS∗

only, without theneed tobuild a global statisticalmodel (seeChapter 10 ofCherkassky&Mulier 2007, Beaumont
et al. 2002, weights simulations depending on the distance to known S∗ in essentially the same approach).
Switching to transduction would however remove the familiarity advantage of using regressions as well as the
ease to test its predictive power with randomly generated summary statistics.
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Conclusion

5.9 We presented here a general method to fit agent-based and simulation models. We performed indirect infer-
ence using prediction rather thanminimization, and, by using regularized regressions, we avoided threemajor
problems of estimation: selecting the most valuable of the summary statistics, defining the distance function,
and achieving reliable numerical minimization. By substituting regression with classification we can further
extend this approach to model selection. This approach is relatively easy to understand and apply, and at its
core uses statistical tools already familiar to social scientists. Themethod scaleswell with the complexity of the
underlying problem, and as suchmay find broad application.
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Notes

1This is the setup in the original indirect inference paper by Smith (1993) applied to a similar RBCmodel.

Appendix A: RBCmodel
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Appendix B: Fishery parameters

Parameter Value Meaning

Biology Logistic
K ∼ U [1000, 10000] max units of fish per cell
m ∼ U [0, 0.003] fish speed
r ∼ U [.3, .8] Malthusian growth parameter
Fisher Explore-Exploit-Imitate
rest hours 12 rest at ports in hours
ε 0.2 exploration rate
δ ∼ U [1, 10] exploration area size
fishers 100 number of fishers
friendships 2 number of friends each fisher has
max days at sea 5 time a�er which boats must come home
Map
width 50 map size horizontally
height 50 map size vertically
port position 40,25 location of port
cell width 10 width (and height) of each cell map
Market
market price 10 $ per unit of fish sold
gas price 0.01 $ per litre of gas
Gear
catchability 0.01 % biomass caught per tow hour
speed 5.0 distance/h of boat
hold size 100 max units of fish storable in boat
litres per unit of distance 10 litres consumed per distance travelled
litres per trawling hour 5 litres consumed per hour trawled
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