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Abstract: Most of the voting procedures in the literature assume that voters have complete and transitive pref-
erences over the alternatives. A basic premise is that any voter is able to evaluate any pair of alternatives in a set
and select his/her preferred one, or indicate indi�erence between them. Nevertheless, some researchers have
highlighted that voters, as humans, have limited capacity to deal with and consequently compare big sets of
alternatives. In this paper, we propose the Random-Subset Voting, a voting procedure that through a random
approach allows the voters to evaluate less alternatives. Instead of analyzing the entire set of alternatives, each
voter will evaluate a random subset of a pre-determined size. We have proposed a theorem indicating that,
for large sets of voters, the outcomes of traditional Borda and Random-Subset Borda converge. We have also
implemented aweb experiment and aMonte Carlo simulation in order to validate the proposed procedure and
analyze how it behaves in several scenarios.
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Introduction

1.1 In the last decades, the literature of decision theory has been facing a gradual shi� from pure rational to fuzzy
or probabilisticmodels of individual behavior. Simon (1955) and Allais (1953)mark importantmilestones in this
trend and state the foundations of what was later referred to as “bounded rationality".

1.2 For Simon (1955) and Allais (1953), themodels that set the “economicman" as the ground for the developments
in decision theory needed a drastic review in order to support the new findings of the psychologists, which
demonstrated that in real situations the observed behavior of people substantially di�ered from the behavior
preconized by suchmodels.

1.3 Take for instance two core attributes of the preferences of rational individuals: completeness and transitivity.
According to Arrow (1950, 1963), these attributes constitute the basic axioms of the individual preferences and
the heart of the General Possibility Theorem.

1.4 Another attribute that is commonly presented as an important assumption for rational individual preferences
is the independence of irrelevant alternatives (IIA). It states that if a voter v prefers alternatives x to y while
choosing or ranking them from a choice-set A, adding or removing alternatives from A will not change the
preference of v over x and y (Radner & Marschak 1954; Sen 1971)1.

1.5 Conversely, somescholars havebeendiving into the realmof thenon-rational, exposing that people sometimes
fail to present transitive or complete preferences. (Fishburn 1991; Anand 1993; Camerer 1998; Nau 2006; Danan
et al. 2006; Nurmi 2014). In addition, some researchers questions the validity of the IIA property (McFadden
et al. 1977; Fry & Harris 1996; Cheng & Long 2007).

1.6 In this context, from a more practical point of view, some argue that people are not able to evaluate a large
amount of data in order to take many decisions (Iyengar & Lepper 2000; Schwartz et al. 2002; Schwartz 2004).
It is also verified that individuals can face an overwhelming e�ect when dealing with decisions with too many
options (Scheibehenne et al. 2010).
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1.7 This reasoning leads us to question whether the models we adopt in order to make social decisions take into
consideration these non-rational aspects of human behavior. More specifically, we question whether the tra-
ditional voting systems consider the overwhelming e�ect individuals can face when large sets of alternatives
have to be evaluated.

1.8 Even though some recent works have been focusing on this issue (Nurmi 2014), much work has to be done.
In this paper, we propose a probabilistic voting procedure, called Random-Subset Voting, that addresses the
choice overload issue through a random mechanism that reduces the number of alternatives. We propose a
theorem indicating that, for large sets of voters, the outcomes of traditional Borda and Random-Subset Borda
converge. We then evaluate the proposed procedure using a Monte Carlo simulation technique and a web ex-
periment.

1.9 We organize this paper as follows: in Section 2, we present a brief review of the literature of probabilistic voting
procedures; in Section 3, we formally present the Random-Subset Voting procedure – RSV – and include the
mathematical modelling, followed by the simulations and the web experiment. In the last two sections, we
discuss the results and present the conclusions of the paper.

Probabilistic Voting

2.1 The path taken in the last decades into the direction of less demanding assumptions with regard to the ratio-
nality of individuals has encouraged the development of models in which random or probabilistic features are
embedded into the traditional deterministic schemes.

2.2 In fact, from a more theoretical perspective, one can show that a fundamental duality is on the basis of our
democratic evolution. On one side, social choices purely made by chance with no mechanism of preference
gathering. On the other side, social choices based on the preferences of the citizens with no room for any kind
of sortition or fuzzy reasoning.2

2.3 Out of these extremes, a full range of mechanisms embeds both ideas and tries to find the proper combination
for each decision.

2.4 Intriligator (1973, 1982) proposed a model in which the voters are not required to order (or select) alternatives
but are asked to assign probabilities to each one indicating how prone he/she is to vote for each choice. These
individual probability vectors are combined leading to the social probability vector. This vector is the input for
the randommechanism that will generate the final social choice.

2.5 Zeckhauser (1969) proposed a method in which the set of alternatives is expanded. It included not only the
alternatives themselves, but also lotteries between them. In some decisions, it might be suitable for the voters
to opt for a lottery between alternatives a and b than taking alternative c for sure.

2.6 Barberá & Pattanaik (1986) argue that stochastic choice models are directly related to developments in psy-
chology and model the preferences as distributions over orderings of alternatives. A function f maps values
between 0 and 1 to each orderingw in the setW of all possible orderings.

2.7 In addition to these contributions, many authors have expanded the literature and reinforced the arguments in
favor of probabilistic, or stochastic, models of social choice (Fishburn 1975; Fishburn & Gehrlein 1977; Gibbard
1977; Nitzan 1975; Barberá 1979; Coughlin & Nitzan 1981; Ehlers et al. 2002; Nurmi 2002; McKelvey & Patty 2006).

2.8 Inspired by Intriligator’s idea, we propose a new three stage voting procedure. While the randomization step
in Intriligator’s process comes up in the third phase, a�er properly eliciting preferences for the alternatives, we
set out a procedure in which the randomization takes place at the beginning, leaving to the voters the task of
indicating their preferences from smaller sets of alternatives.

2.9 In the next section, we formalize the Random-Subset Voting procedure.

Random-Subset Voting (RSV)

3.1 Assume that a setV ofn voters{v1, v2, v3, . . . , vn}are required to indicate their preferencesovermalternatives
on a setA {a1, a2, a3, . . . , am}.

3.2 Random-Subset Voting states that instead of leaving the voters to indicate their preferences over A, each of
them will vote from Ai, a random subset of A of size r. This means that, for each voter vi, a mechanism will
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generate the subset Ai by randomly picking r alternatives from A. We call RSVr, the Random-Subset Voting
with r random alternatives. The voters will express their preferences over each random subset of alternatives.

3.3 In summary, the method is divided into three steps:
1. A fair randommechanism is used to generaten random subsets of r alternatives (r < m) and assign each
of them to a voter vi;

2. Each voter vi indicates his/her preferences overAi;

3. The individual preferences are aggregated and the result of the election is reached.

3.4 By fair, wemean that the alternativeswill have the sameprobability of being chosen as elements of the random
subsets.

3.5 In the following sub-section, we present the mathematical modeling of Random-Subset Borda.

Mathematical modeling

3.6 In this section, we state and prove a theorem showing that, under specific conditions, the final rankings of two
elections, one using the Random-Subset Borda and one using Borda itself will be the same, with probability 1,
for a large enough n.

3.7 Before going into the details, we provide some insights regarding the choice of Borda. Although any traditional
voting rule might have been used in order to assess RSV, we have chosen Borda for the reasons that follows.
First, in order to simplify the analytical modeling, with no risk of oversimplification, we have focused on one-
stage procedures. Second, among themain one-stage procedures in the literature (Condorcet, Borda, plurality
and approval), Borda and Condorcet are the procedures in which more information is required from the voter.
Ordering a set of alternatives ismore di�icult than choosing one (plurality) or selecting some (approval). There-
fore, as the number of alternatives increase in a social choice, the amount of information will increase rapidly
and the task of evaluating themwill become harder3 in comparison to other methods. Finally, we have chosen
to focus on Borda, and not on Condorcet, because it allows choosing more than one alternative.

3.8 BasedonGehrlein& Fishburn (1978), we assume that large electorates are commonand, then, focus onn→∞.
3.9 As stated in the last section, let A be the set of m alternatives and V be the set of n voters. The voters are

considered to have preferences that are subject to transitivity, completeness and IIA.
3.10 DefineA as the set of all possible complete orderings of A. DefineA(j, k) ⊆ A as the subset of in which the

alternative aj is in the k-th position in the ordering.
3.11 Definep(x)as the fractionof voterswhosepreferencesaredescribedby theorderingx ∈ A . So, considering the

Bordamethod, inwhich the alternative in the k-th position gets (m−k) points, the average score of alternative
aj is:

Xj =

m−1∑
k=1

(m− k)
∑

x∈A(j,k)

p(x). (1)

3.12 Now, consider the method Random-Subset Borda with r random alternatives (2 ≤ r < m). The alternative in
the q-th position in the randomly selected subset gets (r − q) points.

3.13 LetXr
i,j be the random variable that indicates the score of the alternative aj for the voter vi. Note that, if aj /∈

Ai, thenXr
i,j = 0.

3.14 DefineXr
n,j as the random variable that indicates the average score of alternative aj in the RSB election.

Xr
n,j =

1

n

n∑
i=1

Xr
i,j . (2)

3.15 Lemma 1 proves that, if all voters satisfy independence of irrelevant alternatives (IIA), the expected average
score of any alternative in RSB is equal to the average score in traditional Borda, except for a positive scale
factor.

3.16 Lemma 1: Suppose that every voter in V satisfies transitivity, completeness and IIA and that 2 ≤ r < m. Thus,
we have:

E(Xr
n,j) =

r(r − 1)

m(m− 1)
Xj .
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3.17 Proof of Lemma 1:
Considering that alternative j can be in anyone of the m positions in the set A and that it can be in any of the r
positions in the selected subset, it follows that:

E(Xr
n,j) =

m−1∑
k=1

(
r−1∑
q=1

(r−q)
(
k−1
q−1
)(

m−k
r−q

)(
m
r

) ∑
x∈A(j,k)

p(x)

)
=

1(
m
r

) m−1∑
k=1

(
r−1∑
q=1

(r−q)
(
k − 1

q − 1

)(
m− k
r − q

) ∑
x∈A(j,k)

p(x)

)
.

Thus, using the binomial coe�icient definition and inverting the two innermost summations, we get:

E(Xr
n,j) =

1(
m
r

) m−1∑
k=1

(( ∑
x∈A(j,k)

p(x)

) r−1∑
q=1

(m− k)
(
k − 1

q − 1

)(
m− k − 1

r − q − 1

))
=

1(
m
r

) m−1∑
k=1

(
(m− k)

( ∑
x∈A(j,k)

p(x)

) r−1∑
q=1

(
k − 1

q − 1

)(
m− k − 1

r − q − 1

))
.

Finally, using the definition of the hypergeometric distribution (Walpole et al. 2012) and Equation 1, we get:

E(Xr
n,j) =

(
m−2
r−2
)(

m
r

) m−1∑
k=1

(
(m− k)

( ∑
x∈A(j,k)

p(x)

))
=

r(r − 1)

m(m− 1)
Xj .

3.18 Since the random variables Xr
i,j , with i = 1, 2, . . . , n, are independent and limited, the strong law of large

numbers (Kolmogorov 1956) implies that:

Xr
n,j

n→∞−−−−→ r(r − 1)

m(m− 1)
Xj . (3)

3.19 Finally, we prove the theorem that states that, for a big enough electorate, with probability 1, the result of elec-
tions using Borda and Random-Subset Borda, with 2 ≤ r < m, are the same.

3.20 Theorem 1: Suppose that every voter in V satisfies transitivity, completeness and IIA and that 2 ≤ r < m.
Thus, we have that:

Xj1 > Xj2 ⇐⇒ P

(
lim

n→∞
Xr

n,j1
> lim

n→∞
Xr

n,j2

)
= 1, ∀j1, j2 ∈ V.

3.21 Proof of Theorem 1: From Equation 3, we can a�irm that

P

(
lim
n→∞

Xr
n,j1

=
r(r − 1)

m(m− 1)
Xj1

)
= 1

and
P

(
lim

n→∞
Xr

n,j2
=

r(r − 1)

m(m− 1)
Xj2

)
= 1.

Thus,

P

(
lim
n→∞

(Xr
n,j1
−Xr

n,j2
) =

r(r − 1)

m(m− 1)
(Xj1 −Xj2)

)
= 1.

3.22 In the next sub-section, we present howwehave appliedMonte Carlo techniques to simulate RSV in the context
of the Borda voting rule.

Simulation

4.1 In the social choice field, many simulation approaches are found. Ludwin (1976) simulates a three-candidate
single-seat election and compares voting methods. Bordley (1983) develops a general method for evaluating
election schemes and uses it to compare six well-known voting schemes. Merrill III (1984) simulates elections in
a randomly generated society andanalyzes theCondorcet e�iciency criteria for sevendi�erentmethods. Bissey
et al. (2004) presents a program to simulate preferences of voters and compare the representativeness and the
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governability of eleven voting systems. Other important studies in the field are Chamberlin & Cohen (1978);
Chamberlin (1986); Jones et al. (1995); Adams (1997); Johnson (1999); Gehrlein & Lepelley (2000); Kollman et al.
(1992); Schumacher & Vis (2012).

4.2 In our approach, we use simulations to compare Borda and Random-Subset Borda (RSB). Even though we pro-
pose RSV as an alternative for dealing some already identified limits of human cognition in dealing with deci-
sions, the simulation proposed assumes that voters have preferences that are complete, transitive and subject
to IIA. The reason for this approach is primarily to assure that, when comparing voting systems, we have the
same underlying premises supporting them. In other terms, the main point we want to evaluate is how RSB
performs in comparison to Borda when the same premises regarding rationality are taken into account.

4.3 The simulation so�ware was developed in Python and is publicly available at the CoMSES Net Computational
Model Library4.

4.4 In order to facilitate the presentation, we propose the following definitions:

• Configuration: is represented by a tuple (n;m) that indicates respectively the number of voters and the
number of alternatives of a given simulation;

• Scenario: is a randomly generated list of n rankings representing the preferences of the voters over m
alternatives. For each configuration we can generate many di�erent scenarios;

• RSBr: Random-Subset Borda with r random alternatives;

• Unit Simulation: for a given scenario, a unit simulation is the execution of Borda and RSBr. For each unit
simulation, we set four parameters: number of voters (n), number of alternatives (m), number of random
alternatives (r) and the distribution of preferences;

• Match index (MI): when comparing two rankings, thematch index counts the number ofmatches between
them. A full match (MI = m) happens when the number of matches is equal to the number of alterna-
tives. On the other hand, when the number of matches count zero, we haveminimalMI . This concept is
as an adaptation of the Kemeny’s distance (Kemeny 1959).

4.5 We divide this section into four subsections. In the first, we present how the random preferences for the voters
were generated. In the second, we show the results of a single run of the simulation. In the third subsection, we
present the results of the simulation for several runs and scenarios. Finally, in the last subsection, we identify
thresholds of convergence between Borda and RSB.

Random preferences generation

4.6 In the context of modeling and simulating voting procedures, the random generation of preferences is by far
the most important issue. Gehrlein & Fishburn (1981) describe three methods of generating profiles: impartial
culture (IC), impartial anonymous culture (IAC) and maximal culture (MC). Apart from the details of each one,
all three procedures are neutral regarding the alternatives and characterize “close" elections. Gehrlein (2004,
2006) evaluates how specific variations on IAC a�ects the probability of observing Condorcet’s paradox. Cham-
berlin & Featherston (1986) presentwhat Tideman&Plassmann (2012) denominated unique unequal probabili-
ties (UUP). In this approach, it is assumed that eachpossible ranking has a constant probability of being usedby
a voter. An overview of themost commonmethods for profile generation is presented in Tideman& Plassmann
(2012).

4.7 Our method is based on the idea of Chamberlin & Featherston (1986) but takes a di�erent path. Instead of
assuming that each possible ranking has a constant probability, we associate in our model each alternative to
a Gaussian distribution with predetermined mean and variation. This distribution is the basis of the random
numbers generator that will be used to rank the alternatives.

4.8 The algorithm of random preference generation works as follows:

1. For each alternative ai, define a unique Gaussian distributionNi(µi, σi);

2. For each voter vj :

(a) For each alternative ai:

i. Generate xi, random number generated fromNi(µi, σi);

(b) Order the alternatives according to xi.
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4.9 At the end of this process, the algorithmwill produce a scenario, i.e. n random rankings ofm alternatives.

4.10 ForNi, we propose a fixed value for σ(0.5) andmeans ranging linearly from 1 to 0.

4.11 As an illustration of a configuration with 4 alternatives, the distributions for a1, a2, a3 and a4 are, respectively,
N1(1.0, 0.5),N2(0.67, 0.5),N3(0.33, 0.5),N4(0.0, 0.5). Figure 1 depicts the normal curves for each alternative.

Figure 1: Gaussian distributions.

4.12 Each distribution in Figure 1 guides the random number generation process of each alternative.

4.13 Note that, in spite of the arbitrariness of the values of the standard deviation and the range ofmeans, its values
were intended to guarantee that all alternatives have a chance (a very small chance for the least preferred ones)
of being chosen as the first candidate.

4.14 This procedure will generate a set of 24 rankings of 4 alternatives. Table 1 and Figure 2 present the probabilities
of each ranking for the distributions in Figure 1 when using the algorithm of random preference generation
proposed.

# ranking Prob. (%)

1 a1, a2, a3, a4 22.42
2 a1, a2, a4, a3 12.25
3 a1, a3, a2, a4 13.24
4 a1, a3, a4, a2 4.44
5 a1, a4, a2, a3 4.64
6 a1, a4, a3, a2 2.92
7 a2, a1, a3, a4 12.25
8 a2, a1, a4, a3 6.59
9 a2, a3, a1, a4 4.64
10 a2, a3, a4, a1 1.00
11 a2, a4, a1, a3 1.67
12 a2, a4, a3, a1 0.70
13 a3, a1, a2, a4 4.44
14 a3, a1, a4, a2 1.41
15 a3, a2, a1, a4 2.91
16 a3, a2, a4, a1 0.60
17 a3, a4, a1, a2 0.46
18 a3, a4, a2, a1 0.31
19 a4, a1, a2, a3 1.00
20 a4, a1, a3, a2 0.60
21 a4, a2, a1, a3 0.70
22 a4, a2, a3, a1 0.28
23 a4, a3, a1, a2 0.32
24 a4, a3, a2, a1 0.21

Table 1: Rankings and probabilities.
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Figure 2: Rankings and probabilities.

Unit simulation

4.15 Each unit simulation is the simulation of both Borda and RSBr for a single scenario. It works as follows:

1. Create scenario (n;m);

2. For each voter vi, with i ranging from 1 to n:

(a) GenerateAi (random subset of alternatives of size r);

3. Compute the Borda count for the traditional Borda;

4. Compute the Borda count for RSBr;

5. Calculate the Match Index (MI).

4.16 The generation of each random subsetAi have to guarantee that the alternatives will have the same chance of
being assigned to any random subset.

4.17 Figure 3 shows the results of a unit simulation for a (250; 4) configuration with 2 random alternatives. The
distributions of Figure 1were used for generating the randompreferences. For convenience, we have computed
the evolution of the Borda count as the voters cast their votes. In practice, it is the equivalent of publishing the
partial results of the election a�er each vote cast.

Figure 3: Gaussian distributions.

4.18 The lines in the graph represents the evolutionof theBorda count for all four alternatives in bothmethods. Note
that, as the number of voters increase, the rankings of Borda and RSB2 tend to converge. In this simulation, the
Match Index reached its peak (full match) a�er 221 votes.

4.19 In the next subsection, we show the multi-r simulations.
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Multi-r simulation

4.20 For a given scenario, we define amulti-r simulation as the execution of all possible unit simulations for a single
scenario. In other words, for each value of r (ranging from 2 tom), a unit simulation is executed and thematch
index is calculated.

4.21 In Figure 4, we present the results of the multi-r simulation of a (1,000; 10) scenario. The graph indicates how
MI evolves as the number of random alternatives increases.

Figure 4: Multi-r simulation for (1,000; 10) .

4.22 Note that, as the number of random alternatives increase, the match index tends to reach m. It is a rather
intuitive result, since theupper boundof thenumber of randomalternatives is in this case 10. In this simulation,
the value ofMI for r = 2was 3. Itmeans that the comparisonof the final rankings of Borda andRSB2presented
only 3 matches. For values of r ranging from 3 to 5, MI was, respectively, 5, 8 and 8. For the remaining values of
r (from 6 to 10),MI was equal to 10 (full match).

4.23 In the next subsection, we show how we have executed the multi-r simulations for 15 pre-determined configu-
rations.

Multi-configuration simulations

4.24 In this subsection, we present the results of the simulations for the configurations in Table 2.

m Number of voters

10 500 1,000 2,000 5,000 10,000
20 2,000 5,000 10,000 20,000 40,000
50 5,000 10,000 40,000 70,000 100,000

Table 2: Configurations.

4.25 For each configuration,wehavegenerated20 randomscenarios andexecutedamulti-r simulation for eachone.
We have then calculated the means ofMI for each configuration.

4.26 Figure 5 presents the results of the simulations form = 10. Each line in the graph represents, for each configu-
ration, the variation of thematch index as the number of random alternatives increase. Note that, as expected,
r = 10 impliedMI = 10 for all configurations. This is the traditional Bordamethod. For small values of r, 3 for
example, themean ofMI for the configurations (500; 10), (1,000; 10), (2,000; 10), (5,000; 10) and (10,000; 10) was,
respectively, 4.4, 5.05, 7.65, 9.4 and 9.8. For r = 8, these values reached 9.6, 9.9, 10, 10 and 10. For n equals to
10,000, 5,000, 2,000, 1,000 and 500, themethods converged, i.e. presented the same rankings, respectively, at
r equals to 5, 5, 8, 9 and 10.
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Figure 5: Multi-configuration simulation form = 10.

4.27 In Figure 6, the lines indicate the evolution of the match index for the configurations in whichm = 20. One
can easily observe that for n = 40, 000, the match index reaches its peak at r = 6 staying unchanged for the
remaining values of r. For n equals to 20,000, 10,000, 5,000 and 2,000 the methods converged, i.e. presented
the same rankings, respectively, at r equals to 11, 12, 17 and 20.

Figure 6: Multi-configuration simulation form = 20.

4.28 A similar analysis of Figure 7 shows that, form = 50, the methods converge at r equals to 50, 50, 38, 30 and 25
form equals to 5,000, 10,000, 40,000, 70,000 and 100,000, respectively.

Figure 7: Multi-configuration simulation form = 50.

Convergence simulation

4.29 The results of the last subsection ledus to the followingquestion: For a givennumber of alternatives, howmany
voters and random alternatives are necessary to have a full match of Borda and RSBr?
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4.30 In order to have a first glance of the answer, we have implemented a simulation in which, for a given number
of alternatives, we gradually increase the number of voters and check whether the full match is reached. When
it is reached, we decrement r and repeat the same process. This cycle repeats until r = 2. The algorithm that
follows presents the simulation steps:

1. Define r = m

2. Define n = 100

3. Define list= []

4. While r ≥ 2:

(a) Create scenario (n;m)

(b) Single-run for the scenario with r random alternatives

(c) ComputeMI

(d) IfMI = m:

i. r = r − 1

ii. Save tuple (r;n) in list

(e) Increment n.

4.31 In summary, this simulation identifies the population in which the first full match is verified for each value of r.

4.32 For each value ofm (10, 20 and 50)we have run 20 times the simulation. At the end of the process, we have a list
of tuples that indicates the number of votersm in which a full match was verified with r random alternatives.

4.33 Figure 8 presents the results of simulations form = 10. For each value of r, the graph depicts the mean of the
population in which a full match of Borda and RSBr was first verified.

Figure 8: Convergence form = 10.

4.34 The behavior of the curve indicates that, for values of r ranging from 10 to 3, the corresponding population rose
steadily from 200 to 2,000. For r = 2, the number of voters increased exponentially and reached 8,000.

4.35 A similar exponential growth is verified in Figure 9 (m = 20). For r ranging from 20 to 5, one can identify a
gradual increase in the population. A�erwards, the slope of the curve changes and the subsequent values of n
grow rapidly.

4.36 For the simulations withm = 50 (Figure 10), the exponential behavior of the curve is evenmore tangible. A�er
r = 10, when the number of voterswas around 140,000, the curve begins a clear change in its behavior, leading
to approximately 4,000,000 voters when r = 2.
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Figure 9: Convergence form = 20.

Figure 10: Convergence form = 50.

4.37 In the next sub-section, we present the web experiment implemented to validate RSB.

Web experiment

4.38 In order to have a first glance of a real application of the Random-Subset Borda, we have implemented a very
straightforward web experiment in which respondents were asked to rank alternatives, juices in this case, ac-
cording to their preferences. Our goal was to evaluate how the scenario proposed in Figure 3 (m = 4, r = 2)
performed when real people were required to order alternatives in RS Borda and in Borda.

4.39 In about 4months, 365 students and federal employees from the Federal Institute of Education andTechnology
in Pernambuco and from the Federal University of Pernambuco, both in Brazil, participated in the experiment.
The voting systemwas developed in Python/Django and was made available through the internet.

4.40 The entire voting process was divided into four steps:
1. present to the voters the goal of the experiment, whichwas, in summary, to rank juices according to their
preferences;

2. fill in a formwith basic personal information (age and sex);

3. rank 2 alternatives;

4. rank 4 alternatives.

4.41 We have chosen juices of four well known fruits in the region: passion fruit, strawberry, acerola and mangaba
(hancornia speciosa).

4.42 In the third step, asproposedbyRSBorda,wehave randomly chosen twoalternatives fromthe set of four juices.
4.43 The ranking processwas accomplished by a drag and drop tool that allowed the voters to order the alternatives

according to their preferences. Tominimize any bias in this process, the alternatives were randomly presented
to the voters.
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4.44 From the set of 365 respondents, we had 160 men and 205 women. Figure 11 presents the distribution of their
ages.

Figure 11: Distribution of ages.

4.45 The distribution of alternatives in the random subsets are presented in Figure 12.

Figure 12: Distribution of alternatives.

4.46 From Figure 12, one can notice that a uniform distribution was used to randomly select the alternatives for the
random subsets, i.e., a fair mechanism selected the alternatives and assigned them to the respondents. As
expected, in spite of the fairness of the mechanism, small variations in the count of alternatives in the subsets
were verified. Passion fruit appeared in 184 subsets, while acerola appeared in 181. Strawberry andmangaba
appeared 182 and 183 times, respectively.5

4.47 Figure 13 presents the results of the experiment.

Figure 13: Distribution of alternatives.
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4.48 Table 3 presents the final counts for the alternatives in both methods.

Juice Borda count RSB2 count

Passion fruit 1049 306
Acerola 1027 287
Strawberry 842 259
Mangaba 732 243

Table 3: Evolution of the Borda and the RSB2 counts for the juices.

4.49 Figure 13 showed the evolution of the Borda count for Borda and for RSB2 for the 365 respondents. A�er 252
voters the methods converged.

Discussion

5.1 In this section, we present some discussions about the approaches used to validate RSB.

5.2 First, using analytical techniques, we have demonstrated that, for big electorates, RSB and Borda converge to
the sameoutcome. Thismeans that, as the number of voters increase, the results of bothmethods are the same
with probability 1.

5.3 In order to have more practical insights regarding the proposedmethod, we have run several simulations. The
results of the simulations indicate some relationships between the number of alternatives (m), the number of
voters (n), the number of random alternatives (r) and the match index (MI):

1. On keepingm andn fixed, increasing r led to an increase inMI . In spite of the variations identified in the
results this trend is verified in all simulations;

2. On keepingm and r fixed, increasing n led to an increase inMI ;

3. For a givenm, in order to reach a full match (MI = m), one can either increase n or r.

5.4 For fixed values ofm and r, the simulations also suggest the existence of thresholds for n. In other words, one
can expect that a�er a certain number of voters the probability of havingMI = m tends to 1.

5.5 The findings here indicate that, considering the assumptions of transitivity, completeness and IIA, Borda and
RSB methods lead to the same results in large electorates. This point was verified in the mathematical model,
in all simulations and in the experiment.

5.6 It is important to notice that when comparing the simulation presented in Figure 3 (m = 4 and r = 2) and
the results of the web experiment (Figure 13), a relatively small di�erence in the convergence threshold was
verified. While in the simulation the threshold was 221 voters, in the experiment, it was 252. More experiments
should be undertaken in future researches in order to verify how the implemented simulation behave in real
scenarios.

Conclusion

6.1 In this paper, we have proposed the Random-Subset Voting procedure, a new way of combining probability
and voting. With this method, a voter will not rank the entire set of alternatives, but a subset of it. This subset
is selected by a fair randommechanism that guarantees that all candidates will have the same chance of being
assigned to each voter.

6.2 We have applied the RSV idea in the context of Borda through the Random-Subset Borda and used three dif-
ferent approaches in the validation of the proposed method: a mathematical analysis of the convergence, a
simulation and an experiment. The results of all approaches showed that when the number of voters is large
enough RSB and Borda converge to the same outcome.

6.3 The results also suggest the existence of thresholds of convergence. We have used the simulations to estimate
the number of voters in which a full match between Borda and RSBmight occur for di�erent scenarios.
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6.4 The main goal of this proposal concerns the minimization of the overwhelming e�ect some voters could face
when dealingwithmany alternatives. In a hypothetical large-scale scenario, we could implement the following
experiment. Citizens in a city or a state have to evaluate (rank) 50 projects. A�er eliciting their preferences
and aggregating the results, the top 5 projects will be implemented. Now, assume that instead of analyzing
50 projects, each citizen will be asked to evaluate only 2, chosen randomly. From a theoretical point of view,
when the premises already mentioned hold, the results of RSB will match the results of Borda. It means that
the voters do not need to evaluate all the projects in order to reach the same collective decision.

6.5 This example guides us to another important aspect of RSV: the possibility of bringing into large-scale decisions
voting methods like Borda, Condorcet, ranked ballots, etc. These procedures, due to the considerable amount
of information required to the voter, could not be used in several contexts. When deciding over 20 or more
alternatives for example, some methods are, in practice, unsuitable. With RSV, they could represent feasible
alternatives.

6.6 Another facet of RSV concerns the premise that humans are not always as rational as some models preconize
and that completeness, transitivity and IIA are not verified. In the mathematical modeling and in the simula-
tions, we have shown that RSB and Borda converge when these premises are considered. In real situations,
however, one can anticipate that the rational assumptions do not necessarily hold and that the individual rank-
ings of RSBwill not be consistent with the rankings of Borda. It is expected that some voters change the relative
positionof somealternativeswhenevaluating fewer options. A voter couldhave adi�erent opinion about some
alternatives when evaluating small subsets. One could argue that these changes caused by this “non-rational"
behavior would lead to better collective results, since dealing with fewer options will minimize the overwhelm-
ing e�ect that plays a role in such scenarios. However, further investigation of this point needs to be addressed
in the future.

6.7 An additional concern regarding RSV is the applicability of the procedure in real scenarios. Some might argue
that this work can only be taken from a theoretical point of view, but do not have practical implications. Even
though we defend that much work has to be accomplished before bringing RSV into our political life, we do
believe it could be a real-world tool for decision making, especially if, or when, we move from our traditional
indirect democracy to amore direct and online-based one (Sousa Santos 1998; Sintomer 2010; Pateman 2012).
The applied web experiment was a simple but relevant argument in favor of this idea.

6.8 It is important to emphasize that RSV is a concept that could be better applied to situations in which many
alternatives are in the choice set. It is not yet clear, however, how many alternatives characterize “many". Is
it 10? 20? In fact, we believe that, depending on the nature of the alternatives and on the number of voters,
reducing a set of 6 or 7 alternatives to a random subset of 2 might be appropriate. In other contexts, reducing
sets of 20 or 30 to random subsets of 4 or 5 could lead to good social results. In future researches, this issuewill
be further investigated.

6.9 An additional point thatmust be brought into light is that one can defend the argument that some voterswould
not agree with the subset assigned to them and state they have been harmed by receiving “poor alternatives".

6.10 Even thoughwe could not yet identify towhat extent this argument is valid, we argue that this argument can be
considered when representatives are the alternatives. When people choose people, poor candidates might be
assigned tomany voters and lead to an increase in the abstention levels. However, there are evidences that the
increase in the abstention levels can be identified in situations where the number of alternatives is big enough
(Cunow 2013). This reasoning needs to be addressed in future researches.

6.11 In spite of this consideration, the “very poor alternatives" issue do not play a big role when taking projects or
actions. In this situation, the goal of the voterswill be to evaluate the alternatives assigned to themand declare
their preferences. All the alternatives might be good enough, and the goal would be to define the subset of
actions that will be implemented when a specific budget is made available, for example.

6.12 One last aspect that needs to be taken into account is the operationalization of the proposal. In fact, if this
method was proposed a few decades ago, the applicability of it would have been challenged. Nowadays, how-
ever, our technology and ability to deliver private, secure and fast information suggest that dealing with the
operational overhead of such a solution would not be a barrier.

6.13 Other future researches might include modeling, simulating and implementing experiments of other voting
schemes and evaluating how they behave in the context of RSV.
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Notes

1There is some confusion in the literature concerning the di�erent definitions of IIA; see Arrow (1950); Ray
(1973); Bordes & Tideman (1991); McLean (1995). In general, these definitions split into two categories: social
and individual. The social one, defined by Arrow (1950), concerns changes in relative positions of alternatives
in the aggregated ordering when adding alternatives to or removing alternatives from the choice set. The indi-
vidual one, proposed by Radner &Marschak (1954), and also presented by Sen (1971), under the alpha property
definition, considers whether adding to or removing an alternative from the choice set will have impact on the
preferences of a voter over the alternatives already in the choice set. It is also studied under the framework of
psychology and consumer research as decoy or context e�ects (Trueblood et al. 2013). In this paper, we adopt
the IIA definition from the individual perspective.

2Even though it might seem odd for many, lots have been used many times in our democratic history. In
Athens, Venice and Florence, for example, many representatives were chosen by lot. Some scholars even argue
that sortition was a core principle of the ancient Athenian democracy and played a crucial role at the time
(Headlam [1891] 2014; Tridimas 2012; Bouricius 2013; Lockard 2004).

3Nurmi (1983) presents a detailed analysis regarding the di�iculty and easiness of voting schemes.
4www.openabm.org/model/4758/
5A more strict version of the fair mechanism could consider forcing the same count of alternatives in the

random subsets. In this case, some voters might get random subsets with r + 1 or r − 1 random alternatives.
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